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INFLUENCE LINES FOR MOMENT AND SHEAR 
IN A CONTINUOUS BEAM 


Anthony Hoadley,’ M. ASCE 


Conjugate Beams Useful in Analyzing Unusual Conditions 


The influence line is a valuable tool to use in studying the effect of moving 
loads on beams or trusses or in studying the effect of placing a heavy concen- 
trated load at different positions on a building frame. Many problems can be 
handled by using the influence line tables appearing in the “Steel Construction 
Manua!” of the American Institute of Steel Construction or in “Influence Line 
Tables” by Griot-Larsch to mention two sources. In some instances the prob- 
lem may involve span stiffness ratios, panel length or end support conditions 
which are not covered in the available tables so that an independent solution 
becomes necessary. Influence lines for beams rigidly attached to columns or 
beams in which the moment of inertia varies within the span cannot be readily 
found from these tables. The following numerical examples are presented to 
show how influence lines equations can be found for continuous beams by use 
of the conjugate beam. Equations are also presented giving the moment and 
shear influence lines in a continuous beam of three spans. Each span has a 
different stiffness factor K (K = I/1) and the ends of the continuous beam are 
simply supported. The use of the conjugate beam for determining influence 
lines has been suggested in “Theory of Statically Indeterminate Structures” 
by Fife and Wilbur and in unpublished notes developed by Neil Welden, A.M., 
ASCE. 

The influence line for reaction at A, shear at B, or moment at C, ina 
continuous beam is identical with the appropriately chosen deflection curve 
for the beam. For reaction the deflection curve is that obtained when the sup- 
port at A is moved a unit distance vertically. To obtain the shear influence 
line the beam is cut at B and the cut ends subjected to a relative vertical dis- 
placement of unity, while sections of the beam to the right and left of point B 
must maintain the same slopes. For the moment influence line at C the beam 
is assumed to be hinged at C and moments applied which will cause the tan- 
gents for the sections to the right and left of C to undergo a relative rotation 
of one radian. That the influence line is identical with the appropriate deflec - 
tion diagram can be proved by using the theorem developed by the Englishman 
James C. Maxwell—better known for his work in electricity and physics than 
for his important work in structural theory—showing the reciprocal] nature of 
the deflection at any two points in an elastic system. The German engineer, 
Prof. Mueller Breslau was the first man to show the identity of the influence 
diagram and deflection curve. 

The conjugate beam is a useful figment of the imagination so devised that 
the moment at a point in the conjugate beam is equal to the deflection at the 
corresponding point in the real beam and the shear at a point in the conjugate 
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beam is equal to the slope of the corresponding point in the real beam. The 
conjugate beam is as long as the real beam and is loaded with the M/EI dia- 
gram of the real beam. The conjugate beam must be articulated so that 
shears and moments will be consistent with known slopes and deflection at 
points of support in the real beam. If the end of a beam is simply supported 
it has slope but no deflection at that point. The corresponding point in the 
conjugate beam must carry shear but no moment, consequently it will also be 
simply supported. When the real beam is fixed at the end it has neither slope 
nor deflection. The conjugate has a free end at this point as it must carry 
neither shear nor moment. At an interior support the real beam has slope 
but no deflection. This calls for a hinge in the conjugate which will carry 
shear but not moment. 


Moment Influence Lines for Beam on Supports 


The conjugate beam method of computing influence lines will be illustrated 
by finding the influence lines for moment and shear at a point P located 40 ft. 
to the right of support 1 of the beam of Fig. la. The conjugate of this beam 
is shown in Fig. 1b. The slope of the real beam changes suddenly at P, con- 
sequently a support must be provided at P in the conjugate beam to make pos- 
sible its corresponding change in shear. 

The moment influence line is obtained by applying a moment which will 
cause a relative rotation of one radian at P, finding the M/EI diagram for the 
real beam caused by this applied moment and then finding the moment curve 
in the conjugate beam when loaded with the M/EI diagram of the real beam. 
That the moment curve in span 2 due to an internal moment Mp acting at P is 
the trapezoid of Fig. 2 can be shown as follows. The moment Mp causes mo- 
ments Mcd and Mdc at the ends c and d of span 2. Taking section cd of the 
continuous beam as a free body the only external forces acting are the end 
moments and the shears which they produce. Med produces a triangular mo- 
ment diagram with its maximum at c and Mdc a moment diagram with its 
maximum at d. Combining these moment diagrams results in a trapezoidal 
moment diagram for span 2. The following conventions will be used: 


1) Bending moment is positive when the top fibre of a beam is in 
compression. 

2) Fixation moments used in moment distribution are positive when the 
applied moment tends to turn the joint at the end of a beam clockwise. 

3) A positive M/EI diagram is treated as an upward load. 

4) Positive moment in conjugate beam gives positive influence values. 

5) x is always measured from the far end of any span toward P. 


The moments at the supports of the real beam caused by the applied mo- 
ment can be found by moment distribution or by the slope deflection method 
if the fixation moments F,,, F,, at the 1 and 2 ends of span 2 are known. 
These values are: 


Pro = E Ip (h-6k)” = EK, (42.40) = 1.60 EK 

Po) =E Ig (6k-2)" = EK, (2.40-2) = 0.40 EK 
be 


* Derivations given in appendix 
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The method of moment distribution was used here. The results are given 
in the second column of Table 1. 
The M/EI diagram for span 1 is represented by two triangles whose areas 


are 1/2 x 60 x =-0.224 and 1/2 x 60 x - 40.448. Other areas are 


1000 

found in similar fashion and the areas applied to the conjugate beam as loads 
as shown in Fig. 3. The reaction at support 3 is found from the fact that the 
moment must be zero in the conjugate beam at the hinge placed at support 2. 
The other shears are readily found by applying SV = 0 to the various spans 
considered as free bodies. 

The moments in span 1 and for the left portion of span 2 of the conjugate 
beam will now be found. For convenience a loading of 1000 M/EI has been 
used. The equations for these moments are also the equations for the same 
portions of the influence line for moment at point P. The free bodies shown 
in Figs. 4a and 4b are used in finding moments at any point distant x from the 
left end of the free body. The trapezoidal M/EI diagram of Fig. 4b was treat- 
ed as a positive rectangular area of 8.96x plus a negative triangular area of 
230( 

100 

The moments which are the influence ordinates for the real beam in span 

1 are: 


1000y = x + 22h (2 + 


-3.73 x2 + 134h0 


For the portion of span 2 left of point P 
2 2 

1000y = 22k x + 8.96x - 230 x x 

2 3 
Similar moment equations were found for the other spans. They were 

found to be: 

~ 13-43 (x/60)% + 13.45 (x/60)3 
Span 2 Left = 0.22hx + 4.6 (x/100)2 - 7.66 (x/100)3 
Span 2 Right 0.110x + 21.8 (x/100)2 + 7.66 (x/100)3 
Span 3 = -0.02h7x - 2.34 (x/50)* + 3.80 (x/s0)3 
Span y = 0.0.27x - 0.493 (x/4o)3 


The influence line for moment at point P of the continuous beam is shown by 
the solid line in Fig. 5a. 


Shear Influence Lines for Beam on Supports 


The influence line for shear at P is the deflection curve for the beam when 
it has been cut and the cut ends given a relative vertical displacement of one 
while the slope of the beam to the right of P is equal to the slope to the left 
of P. The real beam has a constant slope and a sudden change in deflection 
in the region of P. The conjugate beam (Fig. 1x) must consequently be acted 
on by a couple at P which will produce a sudden change in moment at that 
point without any change in shear. 
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point P located kL from the left end of the beam are shown in the appendix to 
be: 


The fixation moments for a beam subjected to a unit relative deflection at 


= - 6 EK Poy = + 6 EK 

It is of importance that these fixation moments are independent of the position 
of the point P in its span. Because the fixation moments remain constant 
while P is moved the restraining moments at the points of support of the real 
beam must be the same for all positions of P within a given span. This means 
that the portion of the shear influence line outside of the span containing the 
point P does not vary with changes in the position of P within that span. 

After finding the fixation moments the restraining moments at each support 
are found by moment distribution. M and M/EI diagrams are then drawn, the 
conjugate beam set up as a series of free bodies carrying an M/EI loading 
and the influence line for shear found from the equations for moment in each 
span of the conjugate beam. This work is not shown in detail as it is quite 
similar to that done in the moment influence line problem. The moments at 
the supports and M/EI values found were: 


Fio 


Support Moment Point 1000 (M/ET) 
0 +0.012 EK +0 .20 
1 -0.0243 EK b -0.405 
2 +0.02)6 EK c -0.2)3 
3 -0.0067 EK d +0 .2h6 
4 0 e +0 
f -0.111 


-0.111 


The influence line equations were found to be: 
Span 1 = 0.000360 (x/60)* = 0.000363 (x/60)3 
Span 2 left y = -0,00615x - 1.21 (x/100)2 + 0.815 (x/1c0)3 
Spen 2 right y = 0,00600x + 1.23 (x/100)2 - 0.815 (x/100)3 
Spen 3 y = -0,00148x - 0.138 (x/50)2 + 0.217 (x/50)3 
Spen y = 0,0007hx - 0.0296 (x/ho)3 


The influence line for shear at P is shown in Fig. 5b. The dotted portion of 
the curve is the envelope for all shear influence lines for points in span 2. 


Effect of Supporting Beam on Columns 


If the simple reactions at 1, 2 and 3 are replaced by columns which are 
attached to the girder with a moment connection the effect of these columns 
will be to slightly reduce the maximum live load moment in span 2. The in- 
fluence line for moment was found at x = 40 in span 2 for a beam similar to 
the one previously studied but supported by 20 ft. columns at points 1, 2 and 3. 
The columns (I = 1600"'*) were rigidly attached to the beam and were assumed 
to be fixed at the foundations. 
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That the conjugate for the beam with columns attached is the same as the 
conjugate beam for the continuous beam on simple supports can be shown by 
a study of the following considerations. A beam supported on a series of col- 


umns in which side-sway is prevented could be replaced by a beam on a series 


of supports which carries the same loading as the beam on columns and in 
addition is loaded with moments and shears at the supports equal to those ex- 
isting at the tops of the columns. The shears produce direct stresses in the 
beams. The moments produce an M/EI diagram which can be added to that 
caused by the loads applied to the continuous beam. The total deflection of 
the beam supported on columns can thus be found by applying the combined 
M/EI loading to the conjugate of the beam on supports. 

End moments for each of the spans were found by moment distribution. 
The resulting M/EI values are given in Table 1 where they are compared with 
corresponding values for the beam without columns. The M/EI diagrams 
were then usec as loadings on the conjugate beam and the influence equations 
obtained for each span. The effect of columns is shown graphically in Fig. 5a. 

The data in Table 2 shows that the effect of the column has been to reduce 
the maximum moment 6 per cent. In a building there would be columns above 
and below the beam and the columns would be relatively stiffer than those 
used here so that the reduction in maximum moment would be greater. 


Influence Equations for Three Span Beam 


The moment and shear influence lines for a continuous beam of three 
spans can be obtained in terms of the lengths and moments of inertia of the 
different spans. The resulting equations have the advantage that they can be 
evaluated by any computer. While the conjugate beam method was used in de- 
riving these equations the approach was somewhat different from that used in 
the preceeding four span problem. The beam here used has three spans of 
different lengths. The moment of inertia is constant within each span but may 
vary from span to span. 

The method used in deriving the moment influence line equation will be 
briefly described. The conjugate beam with its M/EI loading is shown in 
Fig. 6b. The resisting moments at M, and M, (Fig. 6a) caused by Mp which 
is just large enough to make the relative rotation of the ends of the beam 
which has been cut at P equal to one radian, have both been assumed to be 
positive. The deflection of point P in the real beam is equal to the moment at 
P in the conjugate. The moment at P in the conjugate beam using section 1-P 
as the free body must be equal to the moment at P using section 2-P as the 
free body. Equating these moments give the relation between M, and M,. The 
second equation needed to find the values of M, and M, is based on the fact 
that the change in slope at P in the real beam is one radian and consequently 
the change in shear or reaction at P in the conjugate beam must also be equal 
to one. Solving these two equations gives values of M, and M, in terms of n 
and the I and L of each of the three spans. The moments in each of the spans 
of the conjugate beams were then found in terms of M, and M,. Substituting 
values of M, and M, resulted in the final influence line equations which are 
given in Table 3. 

The equations for the shear influence lines were derived by following a 
procedure similar to that used for the moment influence lines but using a lin- 
ear relative deflection of unity for the cut ends of the beam at P in place of 
the unit angular deflection used for moment. The coefficients a, b, c, d given 
for the shear influence line equations in Table 3 are seen to be independent 
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of n. Thus equation 11 gives the positive value of shear for any point in 
span 2and equation 10 the negative value. Influence lines for shear for any 
point in span 2 can be drawn within a dotted envelope similar to that shown 
in Fig. 5b. 

The following examples will be used to show the application of these equa- 
tions to a simple case. A continuous beam of constant moment of inertia has 
three 10 ft. spans. The supports are numbered 0 to 3 from left to right. Find 
the moment at point P which is 4 ft. to the right of support 1: 


a) due to an unit load in the middle of span 1 
b) due to an unit load 2 ft. to the right of support 2 


2(0.60) +3(0.60)% -(0.60)3 -(0.40)3 = 
2(0.40) +3(0.40)% -(0.40)3 -(0,60)3 


n=0.40 L210 A#® 


“KF = 2 +41 +h.5 = 7.5 


a) From l y + = -0.500 
b) From Eq. 2 y + 22. “Po = +0,688 


Beam as in above example. Find the moment at P due to an unit load placed 
at that point which is located 4 ft. to the right of support 2. 


n = 0.0 L = 10 G=1 KH = 3-1-3+2 = 6.25 
242 2 


From Eq. 8 
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TABLE 1 
Moment end M/EI Values 


| 15,000 -6.30 
+896EK | 15,000 +12.60 
+896EK | 25,000 +10.00 
+436EK | 25,000 +452 
+436EK | 15,000 +580 
-112EK | 15,000 -1.70 
-112EK | 15,000 “1.32 


At point a 1000 M/EI = 


TABLE 2 


Meximum Ordinates of Influence Line for Moment 
at Point P (x = 4O') in spen 2. 


| | bean on supports | Boon on colume _| 


1000M 1000 M/EI 1000 M/EI 4 
Beam on Supports Beam on Columns 
b 
c - 
a 
f 
“hye 
1 -1.96 -1.67 
2 +16.0 +15.1 
3 -0.76 -0,62 
+0.19 -0.62 
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BR 
K, 


Ak, Ar, 


Note that the distance x in each span is measured from the 
end of that span furthest from the point P 


Ge _ 


24,724, 


TABLE 3 
KF KF 
MAN | 
22 + 
K, 
O-/ y= a | 
KH 
KH | Ka Le Ko 
a 3 
Z 
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Note that the distance x in each span is measured from the 
end of that span furthest from the point P. 


4; Le 


aA,L, 


ak, 4; aa, 4; ak, A, 


ak, Zs dA, 


3 
et: 
«ft 
kK, 
3 
4 4* - (4) 
2-P = [- 1s 
7 dA < 
ge . 40-9. ) 
AK, ak, 4s 
20, aA, 4, 
134-9 
} 


403 ‘q ay) JO 


YS 


~~ ~ 
w & =| s 2 +> 
«|< 
“< 
“a 
ad? eR TESTES ESE THK EESES ~ 
Lal 
‘ 
> 22 ~ ~ 
~ > ™ oe we Ow ~w ~ 
> 8 _/~ 
Ne 
~ ~ 
*« 
“ 
ie 
734-10 
& 
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FIG IA THE REAL BEAM 
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MOMENT INFLUENCE LINE 


16 
CONJUGATE BEAM FOR 


SHEAR INFLUENCE LINE 


= — 
p 
FIXED 
0 ! 2 3 4a 
734-11 


13 
wooo! 


LN3WOW X 000! 


é 914 


0/2 
© 
| | 
x ¢ 
© 
$ | 
¢ 
t 
734-12 


3343 SV 
2@ GNV | SNWdS 3O SNOILUOd Sia 


z 
O€e =00! Ges 


S$3id08 33443 JO 


V SV WV38 31LVONTNOD Sid 


m 
D 
fo} 
oO Kja ja 
+ 
/ iE 
| 
° 
\ Fhe 
68 
+ 
734-13 
? 


d 1Ni0d iv @ uvaHs anv 


av 
wO G2iN0ddnNS 


| 
| 
1 / | 
/ 
/ 
/ 
4 
/ 
/ 
/ 
@. @ 
734-14 


g30V07 WV38 


d ONILOV “Ww 
O1 IN3SWOW “WS Sia 


= | 
734-15 


Fa 
FIG 7a MOMENT DIAGRAM DUE TO Mp 
CHANGE IN SLOPE AT P= 1 RADIAN 
Fa 
El 


SUPPORT 


FIG 7b CONJUGATE BEAM 
WITH LOADING 


734-16 


‘| 
'y 
| Fa(i-k)L 
Fy (ee ) | 


DEFLECTION 
DIAGRAM 


MOMENT DIAGRAM 


CHANGE IN DEFLECTION AT PI 


RESTRAINING 
MOMENT 


CONJUGATE BEAM 


wiTH LOADING 


| 4 
Fe 
IG 89 
| 
Fa 
El 
E| 
7134-17 


APPENDIX 
Fixation Moments Due to Unit Angular Deflection at P. 


The conjugate beam method will be used to find the fixation moments Fy , 
and FR at the ends of a beam which has been hinged at point P and is acted 
on by moments Mp which cause a relative angular deflection of one radian in 
the region of P as shown in Fig. 7a. The real beam is fixed at the ends so 
has neither slope nor deflection at those points. The ends of the conjugate 
must then be free as they carry neither shear nor moment. At point P the 
real beam has both deflection and a sudden change of slope. A support 
(Fig. 7b) placed at P in the conjugate beam will satisfy the necessary conditi- 
tions by permitting moment and an abrupt change in shear at P. The two 
equations needed to find the fixation moments are found from the following 
conditions: 


1) The reaction at P in the conjugate beam = 1 

2) The moment at P computed from the portion of the conjugate beam to 
the left of P equals the moment at P computed from the portion of the 
conjugate beam to the right of P. 


From V = 0 the reaction at P is equal to the area of the x diagram. 


Consequently: 


Ei /2 é 


The moment at P found from the left portion of the conjugate beam is: 


3 


Similarly for the right portion of the beam 


241 2421 3 
Simplifying and equating these values of 5, 
(2-34) 
Solving equations 1 and 2 simultaneously 


Fixation Moments Due to Linear Deflection at P 


The fixation moments FL, and FR for a beam of constant moment of inertia 
which has been cut at P and the cut ends forced apart so that they have a rel- 
ative vertical deflection of one while maintaining the same slope either side of 
P (Fig. 8a.) can be found by use of the beam’s conjugate. The ends of the con- 
jugate beam will be free as the real beam has fixed ends. At P in the real 
beam there is a sudden change in deflection but no change in slope. This calls 
for a conjugate beam so supported that there will be a sudden change in mo- 
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ment but no change in shear. This condition is satisfied by placing a resisting 
_ couple at P as shown in Fig. 8b in which both fixation are assumed to be posi- 
_ tive. The two equations needed to find the fixation moments are found from 
the conditions: 


1) Slope at both ends of the beam = 0 
2) Deflection to right of P - deflection to left of P = 1.00 


From 1, the shears at the ends of the conjugate beam must = 0 


O + = 0 M,=-M, &o.f 
From 2. Me (1- A) L 
3 


El 2 3 


Substituting My, = -Mp in 2 


Fei 2 CEK 


—-6EK 


= —# 

Fa. 2 
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T11(CP), 712(CP), 713(CP)°, 714(HY), 715(HY), 716(HY), 717(HY), 718(SM)©, 719(HY)°, 
720(AT), 721(AT), 722(SU), 723(WW), 724(WW), 725(WW), 726(WW)°, 727(WW), 728(IR), 
729(IR), 730(SU)°, 731(SU). 


JULY: 732(ST), 733(ST), 734(ST), 735(ST), 736(ST), 737(PO), 738(PO), 739(PO), 740(PO), 
741(PO), 742(PO), 743(HY), 744(HY), 745(HY), 746(HY), 747(HY), 748(HY)°, 749(SA), 750(SA), 
751(SA), 752(SA)®, 753(SM), 754(SM), 755(SM), 756(SM), 757(SM), 758(CO)°, 759(SM)°, 
760(Ww)°, 


c. Discussion of several papers, grouped by Divisions. 
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